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The conventional method of qubit measurements in circuit QED is employing the dispersive regime of qubit-
cavity coupling, which results in an approximated scheme of quantum nondemolition (QND) readout. This
scheme becomes problematic in the case of strong coupling and/or strong measurement drive, owing to the so-
called Purcell effect. A recent proposal by virtue of longitudinal coupling suggests a new scheme to realize fast,
high-fidelity and ideal QND readout of qubit state. The aim of the present work is twofold: (i) In parallel to
what has been done in the past years for the dispersive readout, we carry out the gradual partial-collapse theory
for this recent scheme, in terms of both the quantum trajectory equation and quantum Bayesian approaches.
The partial-collapse weak measurement theory is useful for such as the measurement-based feedback control
and other quantum applications. (ii) In the physical aspect, we construct the joint qubit-plus-cavity entangled
state under continuous measurement and present a comprehensive analysis for the quantum efficiency, qubit-
state purity, and signal-to-noise ratio in the output currents. The combination of the joint state and the quantum
Bayesian rule provides a generalized scheme of cavity reset associated with the longitudinal coupling, which
can restore the qubit to a quantum pure state from entanglement with the cavity states, and thus benefits the
successive partial-collapse measurements after qubit rotations.
PACS numbers: 03.67.-a,32.80.Qk,42.50.Lc,42.50.Pq
I. INTRODUCTION
The superconducting circuit quantum electrodynamics
(cQED) architecture has been a fascinating platform for quan-
tum information processing and for quantum measurement
and control studies [1–16]. For quantum measurement of
qubits, which is a central ingredient of many applications, the
dispersive coupling regime is often exploited. In this regime,
the qubit and microwave cavity are off resonance, and the
Jaynes-Cummings coupling reduces to an effective qubit-state
dependent shift of the cavity frequency. Then, a microwave
drive to the cavity will result in qubit-state dependent coher-
ent state of the cavity field and a homodyne detection of the
field quadrature can reveal information of the qubit state.
Actually, for qubit measurements in cQED, this dispersive
coupling readout is so far the typical and standard scheme
[1–16]. However, the dispersive scheme is approximate, be-
ing applicable only for weak drive and weak coupling. If ei-
ther the measurement drive amplitude ǫm or the decay rate
κ of the cavity photons are increased, the qubit will suf-
fer state flip, with a rate given by γp = (ǫm/∆)
2κ, where
∆ is the detuning between the qubit energy and cavity fre-
quency. This is the so-called Purcell effect extensively dis-
cussed in literature [17–22], which results in the dispersive
scheme being not quantum nondemolition (QND). One may
notice other schemes of qubit measurements in cQED, e.g.,
the Josephson-bifurcation-amplifier readout [23–26] and the
more recent studies of quantum trajectories of superconduct-
ing qubit undergoing homodyne-heterodyne detection of fluo-
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rescence [27–30]. However, the former is also nonideal QND
while the latter is simply not.
In a recent work by Blais et al. [31], an ideal-QND readout
scheme for qubits in circuit QED was proposed via parametric
modulation of the longitudinal coupling between the qubit and
cavity field [32–37]. This longitudinal-coupling scheme has
been employed more recently to study the quantum dynam-
ics of simultaneously measured noncommuting observables
of a superconducting qubit [38]. Differing from the (approxi-
mated) dispersive scheme, the longitudinal coupling acts as a
qubit-state-dependent drive on the cavity. That is, by perform-
ing the parametric modulation for the longitudinal coupling
(in microwave frequency regime), the cavity field will evolve
also into qubit-state-dependent coherent state and a homodyne
detection of the field quadrature can reveal the qubit state
information. The analysis carried out in Ref. [31] showed
that the new protocol can outperform the dispersive scheme
to achieve, for instance, faster, high-fidelity, and ideally QND
readout. Moreover, further combinationwith using a squeezed
microwave field can even better improve the signal-to-noise
ratio, such as achieving the Heisenberg-limit scaling behavior
with the number of measuring photons [31, 39–41].
On the other aspect, concerning with quantum measure-
ment and its applications, a particular contemporary interest is
the type of continuous weak measurement, i.e., a continuous
real-time monitoring of environment with stochastic measure-
ment records. Despite the noisy backaction onto the measured
state, the stochastic evolution of the measured state, i.e., the
so-called quantum trajectory (QT), can be faithfully tracked
[42, 43]. Therefore, this type of partial-collapse weak mea-
surements can be useful for quantum feedback [13, 42, 43],
generating pre- and postselected quantum ensembles to im-
prove quantum state preparation, smoothing, and high-fidelity
readout and developing novel schemes of quantum metrology
2[12, 44–50].
For continuous weak measurements, the most celebrated
theory is the quantum trajectory equation (QTE), as broadly
applied in quantum optics and quantum control studies [42,
43]. However, in some cases, a larger step state update scheme
known as quantum Bayesian approach can be more efficient,
by using the accumulated output currents [13, 51–55]. The
Bayesian approach also allows for efficient and analytical
studies for interesting problems such as quantum weak val-
ues [44–46], quantum state smoothing, quantum metrology
[12, 47–50], etc.
So far, the partial-collapse weak measurement studies in
cQED (either QTE or Bayesian approach) were largely car-
ried out for dispersive readout [6–13, 52–55]. The absence
of similar investigations for the promising longitudinal read-
out scheme motivates thus our present work. As mentioned
above for Ref. [31], under identical (thus weak) coupling con-
dition, the longitudinal scheme is intrinsically faster than the
dispersive readout in concern with the projective measure-
ment. More importantly, the most essential point is that the
longitudinal coupling itself is of exact quantum nondemoli-
tion while the effective dispersive coupling is approximated
under a weak coupling regime. The natural immunity from
the Purcell flip allows possible strong longitudinal coupling
to achieve much faster readout speed. For continuous partial-
collapse measurement, this allows faster information gain,
which can benefit such as the gained-information-based feed-
back to combat against decoherence.
In the present work, we carry out the gradual partial-
collapse measurement theory associated with the longitudinal
readout scheme. The work is organized as follows. In Sec. II,
we introduce the longitudinal coupling model and present the
“original” QTE with the cavity-photon degrees of freedom in-
cluded, conditioned on continuous homodyne detection of the
cavity field quadrature. In Sec. III, following Ref. [56] while
putting the details of derivation in the appendix, we present
the result of effective QTE which contains only the qubit de-
grees of freedom. Based on the result of the effective QTE
and in particular the constructed qubit-plus-cavity entangled
state, we present a comprehensive analysis for the quantum
efficiency, qubit-state purity, and signal-to-noise ratio in the
output currents, in comparison with the dispersive readout.
We further construct the quantum Bayesian rule in Sec. IV
and present an extended discussion on the issue of cavity reset
in Sec. V. We summarize the work in Sec. V with additional
discussions.
II. MODEL AND FORMULATION
In solid-state circuit QED, the standard scheme of qubit
measurements is the dispersive readout protocol [1–3]. Sim-
ilar to its quantum optics counterpart (i.e., the atomic cavity-
QED system), the most natural coupling between the su-
perconducting qubit and the resonator cavity is the Jaynes-
Cummings Hamiltonian, or, being a little bit more general
(without making rotating-wave approximation), the so-called
transversal coupling given by Hx = gxσx(a + a
†). Here a†
(a) and σx are respectively the creation (annihilation) oper-
ator of the cavity photon and the quasi spin operator for the
qubit. The so-called dispersive regime is defined by the crite-
rion that the detuning between the cavity frequency (ωr) and
qubit energy (ωq),∆ = ωr − ωq, is much larger than the cou-
pling strength gx. Under this, the coupling Hamiltonian can
be approximated by Hx ≃ χσza†a, with χ = g2x/∆. There-
fore, associated with this dispersive coupling Hamiltonian, it
is clear that the qubit states |e〉 and |g〉 will change, respec-
tively, the cavity frequency by±χ. Under measurement drive,
the cavity field will evolve into qubit-state-dependent coher-
ent states and a dyne-type quadrature detection can provide
the qubit-state information.
In this work, following Ref. [31], we consider an alternative
coupling between the qubit and cavity field, given by
Hz = gzσz(a+ a
†) (1)
In contrast to the transversal coupling which leads to an ap-
proximate dispersive coupling Hamiltonian as shortly men-
tioned above, this new type of coupling is termed as longitudi-
nal coupling, with the subscript z here to mark it. This interac-
tion Hamiltonian has been employed to discuss the realization
of multiqubit gates [32–36]. In particular, in the supercon-
ducting circuits, e.g., a flux or transmon qubit coupled to an
inductor-capacitor (LC) oscillator [32, 33], the longitudinal
coupling can emerge from the mutual inductance between the
flux-tunable qubit and the oscillator. Other examples include
the general approach developed in Ref. [35] based on a trans-
mon qubit [37], and the realization based on a transmission-
line resonator [31].
Let us now consider the parametric modulation of the lon-
gitudinal coupling strength at the resonator frequency ωr, i.e.,
gz(t) = g¯z + g˜z cos(ωrt). In the rotating frame with respect
to the free HamiltonianH0 = ωra
†a+
ωq
2 σz , the interaction
Hamiltonian reads [31]
Hz =
1
2
g˜zσz(a+ a
†) . (2)
In obtaining this result, all the terms of fast oscillations have
been neglected, including the g¯z term. It is clear that this mod-
ulation of the longitudinal coupling strength plays a role of
qubit-state-dependent drive to the cavity. Instead of the dis-
persive readout where the qubit-state-dependent shift of the
cavity frequency is employed, this alternative method can as
well result in qubit-state-dependent coherent state of the cav-
ity field. Via a homodyne quadrature detection of the cavity
field, the qubit state can be inferred.
As analyzed in detail in Ref. [31], the longitudinal coupling
scheme has remarkable advantages to improve the qubit read-
out. That is, it can lead to a faster, high-fidelity, and ideally
QND qubit readout with a simple reset mechanism. Even with
a conservative modulation, the qubit-state-dependent shift of
the cavity field can be easily distinguished. Owing to the ideal
QNDness of the coupling, i.e., being ideally immune to the
measurement-caused qubit-state transition, this scheme is free
from the limitation of critical photon numbers.
The quadrature of the cavity field is detected as usual by
a homodyne measurement. The measurement result can be
3expressed as [42, 43]
I(t) =
√
κ〈ae−iϕ + a†eiϕ〉̺(t) + ξ(t) , (3)
where ϕ is the phase of the local oscillator in the homodyne
detection setup, κ is the leaky rate of the cavity photons, and
ξ(t) satisfies the ensemble-average properties of E[ξ(t)] = 0
and E[ξ(t)ξ(t′)] = δ(t − t′). The quantum average 〈· · · 〉̺(t)
is defined by 〈· · · 〉̺(t) = Tr[(· · · )̺(t)], with ̺(t) the qubit-
cavity conditional state given by the quantum trajectory equa-
tion [42, 43]
˙̺ = −i[Hz, ̺] + κD[a]̺+
√
κH[ae−iϕ]̺ξ(t) , (4)
where the Lindblad superoperator is defined as D[a]̺ =
a̺a† − 12{a†a, ̺}, and the unraveling superoperator as
H[•]̺ = (•)̺+ ̺(•)† − Tr{[(•) + (•)†]̺}̺.
In experiments, ξ(t) in Eq. (4) is obtained from the out-
put current by using Eq. (3), while calculating the average
〈· · ·〉̺(t) in Eq. (3) needs the knowledge of ̺(t) solved from
Eq. (4). It is clear that this job is almost intractable if the cavity
photon number is large. It would be thus desirable to estab-
lish an effective QTE involving only the degrees of freedom
of the qubit. This can be done by applying the so-called po-
laron transformation to eliminate the degrees of freedom of
the cavity photons [56].
III. QUANTUM TRAJECTORY EQUATION
The basic idea of the polaron transformation is performing
a qubit-state-dependent displacement to the cavity field, shift-
ing it to a new vacuum state. This allows us to simplify the
procedures of tracing the cavity states and obtain compact re-
sults for the equation of motion of the (stochastic) reduced
state of the qubit and the output current.
The polaron transformation is designed as [56]
P (t) = ΠeD[αe(t)] + ΠgD[αg(t)] . (5)
D[αe,g(t)] are, respectively, the displacement operators of the
cavity fields corresponding to the qubit states |e〉 and |g〉. The
specific form reads D[α] = eαa
†−α∗a. The qubit-state de-
pendence in the polaron transformation is characterized by the
projection operators of the qubit statesΠj = |j〉〈j| (j = e, g).
Under the parametric modulation of the longitudinal coupling
and in the presence of leakage of the cavity photons (with rate
κ), the qubit-state-dependent evolution of the cavity field is
governed by
α˙e,g(t) = ∓ig˜z/2− καe,g(t)/2 . (6)
Starting to drive (modulate) the cavity from a vacuum, the
solution of the cavity field simply reads
αe,g(t) = ∓i g˜z
κ
(1− e−κt/2) . (7)
It should be noted that the solutions of the cavity fields solved
here for the longitudinal readout are purely imaginary and
have different signs, whereas for the dispersive readout the
complex amplitudes of the cavity states corresponding to |e〉
and |g〉 differ in the sign of real parts, but have the same imagi-
nary parts [54]. As we will see in the following, this difference
will result in a different choice of the local oscillator’s phase
in the homodyne measurement in order to optimize the infor-
mation gain of |e〉 and |g〉 of the qubit. That is, for dispersive
readout, ϕ = 0; while for the longitudinal readout, ϕ = π/2.
It is also this difference of αe(t) and αg(t) that will result in
different rates which fully characterize the effective QTE and
the output current, after eliminating the degrees of freedom of
the cavity photons.
With the canonical transformation introduced above, one
can transform the qubit-cavity joint state ̺P (t) = P †̺(t)P ,
and as well the two sides of Eq. (4). We may expand the trans-
formed state in the qubit and the photon-number (Fock) ba-
sis states, ̺P (t) =
∑∞
n,m=0
∑
i,j=e,g ̺
P
n,m;i,j(t)|n, i〉〈m, j|.
Owing to the cavity field shifted to a new vacuum, essen-
tially, only the zero-photon component will survive in this
expansion. However, nontrivial dynamics will result in ex-
cited states of the cavity appearing in the transformed QTE.
Our interest is the reduced state of the qubit, which is defined
by tracing the cavity states from the untransformed joint state,
ρ(t) = TrR[P̺
P (t)P †]. This establishes a connection be-
tween ρij and ̺
P
n,m;i,j . Accordingly, we are able to obtain the
equation of motion of ρ(t), from the ones of ̺Pn,m;i,j(t) and
by taking into account the fact that only the n,m = 0 com-
ponents survive in the shifted state. Following the procedures
outlined above, we obtain (see the appendix for more details)
ρ˙ = Γd(t)D[σz ]ρ−
√
Γci(t)H[σz]ρξ(t)
−i
√
Γba(t) [σz , ρ]ξ(t) . (8)
Here the various rates read
Γd(t) =
g˜z
2
|β(t)| , (9a)
Γci(t) =
κ
4
|β(t)|2 cos2(ϕ− θβ) , (9b)
Γba(t) =
κ
4
|β(t)|2 sin2(ϕ− θβ) . (9c)
In these results, we introduced αe(t) − αg(t) = β(t) =
|β(t)|eiθβ . Similarly, applying the same technique of trans-
formation to the calculation of the output current I(t), i.e.,
Tr[(•)̺(t)] = Tr[P (•)P †̺P (t)], we obtain
I(t) = −2
√
Γci(t)〈σz〉t + ξ(t) . (10)
In deriving this result, the fact that the shifted cavity field is a
vacuum should be used.
Formally, Eq. (8) is the same as the QTE for dispersive
readout. Similar results are also obtained in Ref. [38]. Com-
pared with the dispersive readout, a formal difference only
exists in the overall decoherence rate Γd which reads, there,
Γd = χIm[αg(t)α
∗
e(t)]. However, the behaviors of the mea-
surement rates and the resultant consequences differ between
both schemes, owing to the different evolution of the cav-
ity fields. That is, in dispersive readout, the qubit-state-
dependent cavity fields are given [54] by αe(g)(t) = α¯e(g)(1−
4e∓iχt−κt/2), where α¯e(g) = −iǫm/(±iχ + κ/2). In dis-
persive readout, the microwave driving amplitude ǫm corre-
sponds to the coupling modulation strength g˜z in the longitu-
dinal scheme; and moreover, there is an additional parameter
χ, i.e., the dispersive coupling strength between the qubit and
the cavity field. It is largely the difference of this solution
from the one given by Eq. (7) for the longitudinal coupling
that results in the different behaviors to be shown in Fig. 1
associated with the following detailed analysis.
A. Quantum efficiency and purity
Briefly speaking, Γci is the rate of coherent information
gain, i.e., inferring qubit state |e〉 or |g〉. Γba characterizes the
backaction of the measurement not associated with informa-
tion gain of the qubit state, but on qubit-level fluctuations. Γd
is the overall decoherence rate, after ensemble average over
large number of quantum trajectories. The sum of the former
two rates, Γm = Γci + Γba, is the total measurement rate. If
Γm = Γd, the measurement is ideally quantum limited, with
quantum efficiency η = Γm/Γd = 1. Otherwise, if Γm < Γd,
the measurement is not ideal, implying some information loss.
In Fig. 1(a), we plot the transient quantum efficiency, de-
fined as η = Γm(t)/Γd(t), of the longitudinal readout against
its counterpart of the dispersive scheme, by setting ǫm = g˜z
and taking several different χ. We find that, as the cavity
field approaches to the steady state, η → 1 for both readout
schemes, which seemingly implies quantum-limited measure-
ments. However, this is only true in the sense of transient
differential gain of qubit-state information. Starting the mea-
surement over (0, t)with a pure state of the qubit, the resultant
state of the qubit is given by Eq. (8), which is no longer a pure
state. Actually, conditioned on the outcomes of the homodyne
detection, the qubit-plus-cavity joint state can be expressed as
[54]
Ψ(t) = c1(t)|e〉|αe(t)〉 + c2(t)eiΦ(t)|g〉|αg(t)〉 , (11)
where the evolution of c1(t) and c2(t) corresponds to infor-
mation gain of the qubit states, and the (random) phase Φ(t)
stems from qubit energy fluctuations caused by measurement
backaction. The qubit state given by Eq. (8) corresponds to the
one obtained by tracing the cavity degrees of freedom from
this entangled state. This leads to a decoherence factor for the
reduced state of qubit given by [54]
D(t) = |〈αe(t)|αg(t)〉| = e−2
∫
t
0
dτ [Γd(τ)−Γm(τ)] . (12)
In general, this factor is smaller than unity, implying a degra-
dation of purity of the qubit state.
In Fig. 1(a), we also find that, at the early stage of partial-
collapse measurement, the quantum efficiency η of the lon-
gitudinal readout is better than the dispersive scheme. How-
ever, this does not necessarily imply a higher purity for the
qubit state. In contrast, as shown in Fig. 1(b), the correspond-
ing purity of the qubit state, characterized by D(t), is lower
than the dispersive readout. The reason for this behavior is
that the faster readout of the longitudinal scheme is associ-
ated with larger measurement rates Γd(t) and Γm(t). Then,
from Eq. (12), we have a smaller purity factorD(t), owing to
the larger difference of Γd(t) − Γm(t). However, this is not
a serious problem for the longitudinal scheme. When we in-
troduce a fast reset procedure to the cavity, the qubit can be
disentangled with the cavity from Eq. (11), resulting thus in
an ideal pure state for the qubit. We will discuss this point in
more detail near the end of next section.
With some surprise, we notice that in Fig. 1(a), in the inter-
mediate stage of dispersive readout, it is possible to have η >
1; i.e., the measurement rate Γm is larger than the associated
decoherence rate Γd. This is, in general, impossible. From a
general consideration of quantum system coupled to the en-
vironment (with continuum of energy spectrum), the continu-
ous monitoring and measurement of the environment has the
consequence of unraveling the usual master equation. How-
ever, in this case, the unraveling rate (Γm) must be smaller
than or at most equal to the decoherence rate (Γd). Otherwise,
consider starting with a pure state: If Γm > Γd, the resul-
tant state (inferred from the measurement outcome) will be
”super-pure,” being unphysical with the off-diagonal elements
of the density matrix violating the basic inequality of a phys-
ical state. In the circuit QED system, however, this anomaly
of the transient differential rates does not violate the require-
ment of a physical state. Based on the structure of Eq. (11) and
the expression Eq. (12), the transient Γm(t) > Γd(t) simply
means that the purity (coherence) of the qubit state has recov-
ered some amount. This is interesting but possible. Indeed, in
Fig. 1(b), the plot ofD(t) supports this understanding.
B. Signal-to-noise ratio
Based on the key results of Eqs. (8)-(10), it is also con-
venient to carry out another type of assessment, i.e., the
signal-to-noise ration (SNR) of the output currents. From
Eq. (10), we can obtain the accumulated current over (0, τ)
as Q =
∫ τ
0 dtI(t). In particular, corresponding to qubit
states |e〉 and |g〉, the accumulated currents are, respectively,
Qe and Qg. Owing to the Gaussian noise ξ(t), Qe and Qg
are random variables, satisfying Gaussian distributions with
the distribution centers at Q¯e(g) = ∓ 2
∫ τ
0
√
Γci(t)dt, and
with a variance (half-width) of De = Dg =
√
τ . Based on
this picture, the SNR of the measurement can be defined as
SNR = |Q¯e− Q¯g|/(De+Dg). Choosing ϕ = θβ , the results
presented in Ref. [31] are simply recovered as
SNR(L) = g˜z
√
8τ
κ
[
1− 2
κτ
(1− e−κτ2 )
]
, (13)
for the longitudinal readout, and
SNR(D) = ǫm
√
8τ
κ
[
1− 2
κτ
(1− cos(κτ
2
)e−
κτ
2 )
]
, (14)
for the dispersive readout. Here, the optimal condition χ =
κ/2 has been assumed for the dispersive readout, which en-
sures a maximal SNR in steady state of the cavity field under
given ǫm and κ.
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FIG. 1: Comparison between the longitudinal coupling (LC) readout
and the conventional dispersive readout scheme (with several differ-
ent coupling strengths, defined from χσza
†a). In panels (a) and (b)
we plot, respectively, the transient quantum efficiency η = Γm/Γd,
and the purity degradation factorD(t) = |〈αe(t)|αg(t)〉|, as a result
of tracing out the degrees of freedom of the cavity photons. In pan-
els (c) and (d), the same data of the signal-to-noise ratio (SNR) are
plotted, for different visualization purposes.
As a preliminary comparison, i.e., neglecting the Purcell
effect in the dispersive readout, we set ǫm = g˜z . From the
above analytic results, we see that both SNR are identical at
steady state. We see also from Figs. 1(c) and 1(d) that, indeed,
the condition of χ = κ/2 can optimize the SNR at steady
state in the dispersive readout. In the result of Eq. (14), the
cosine term may have effect in the transient process. Indeed,
we see from Fig. 1(d) that, for the choice of χ = 0.8κ as an
example, the SNR of the dispersive readout can exceed that of
the longitudinal readout in certain intermediate stages of the
measurement process.
However, under equivalent parameter conditions, in the
short time regime, the SNR of the longitudinal readout is bet-
ter than the dispersive readout, just like the quantum efficiency
shown in Fig. 1(a). This merit may benefit the short-time par-
tial collapse measurement and the measurement-based feed-
back control.
IV. QUANTUM BAYESIAN RULE
The effective QTE obtained above is much more efficient
than the original Eq. (4) which contains the degrees of free-
dom of the cavity photons. However, as illustrated in re-
cent cQED experiments [10–13], the quantum Bayesian ap-
proach is an alternative convenientmethod to update the quan-
tum state based on accumulated output currents over rela-
tively larger time steps. The quantum Bayesian rule allows
also more efficient and analytical studies for some interesting
problems such as quantum weak values, quantum smoothing,
and quantum estimate [12, 44–50].
In this section, we establish the quantum Bayesian rule for
the longitudinal readout using the method developed in Ref.
[55]. In the representation of the qubit basis states |e〉 and |g〉,
Eq. (8) is rewritten as
ρ˙ee = −4
√
Γciρeeρggξ , (15)
ρ˙eg = −2
[
Γdρeg −
√
Γci〈σz〉ρegξ + i
√
Γbaρegξ
]
.
(16)
Following Ref. [55], we establish the Bayesian rule by
straightforwardly integrating the stochastic differential equa-
tions. However, special care is required. While Eq. (8), or
the above equations, can work well for numerical simulations
based on the present Ito´ calculus form, an analytic solution
should be obtained by integrating its counterpart of the con-
verted Stratonovich form.
We summarize the main results as follows. First, for the
diagonal elements, we have
ρii(τ) = ρii(0)Pi(τ)/N (τ) , (17)
where the index i denotes e and g, and the normalization fac-
tor reads N (τ) = ρee(0)Pe(τ) + ρgg(0)Pg(τ). Importantly,
in contrast to the usual simple Gaussian function, the prior
distributions of the output currents corresponding to qubit |e〉
and |g〉 are instead Gaussian functionals given by
Pi(τ) = exp
{−〈[I(t)− I¯i(t)]2〉τ/(2V )} . (18)
Here we introduced the notations 〈•〉τ = τ−1
∫ τ
0 dt (•) and
I¯e(g)(t) = ∓2
√
Γci(t). The distribution variance V simply
reads V = 1/τ .
Second, the off-diagonal element is obtained as
ρeg(τ) = ρeg(0)
[√
Pe(τ)Pg(τ)/N (τ)
]
×D(τ) exp [−iΦ(τ)] . (19)
The factor in the square brackets is associated with the up-
dated change of the diagonal elements of the qubit state. Im-
portantly, involved in this result for the off-diagonal element,
there are two more factors:
D(τ) = exp
{
−2
∫ τ
0
dt[Γd(t)− Γm(t)]
}
, (20)
Φ(τ) = 2
∫ τ
0
dt
√
Γba(t) I(t) . (21)
6Being closely related with the discussion in Sec. III A, the
first factor, D(τ), solved here from the quantum trajectory
Eq. (8), accounts for the purity degradation of the qubit state
after tracing the cavity degrees of freedom from the entangled
qubit-plus-cavity state, Eq. (11). Actually, it can be proved
[54] that D(τ) = |〈αe(τ)|αg(τ)〉|, which reveals, very di-
rectly, the physical meaning of this factor.
The second one, Φ(τ), is a random phase factor, as also
appeared in the entangled state of Eq. (11). In contrast to the
back-action owing to information gain of the qubit state |e〉
or |g〉, which can influence the diagonal elements or alters
c1(t) and c2(t) in Eq. (11), the phase factorΦ accounts for the
backaction of the measurement process (via the cavity pho-
tons) on the energy-level fluctuation of the qubit. Actually,
the output current I(t) carries also information of the pho-
ton’s duration in the cavity. Via the ac-Stark effect, the cavity
photons affect the qubit energy levels. This consideration has
been fully employed by Korotkov in Ref. [52] and this type of
stochastic phase fluctuations has been addressed particularly
in the framework of quantum trajectory equation for single-
qubit state and multiqubit parity measurements [14–16, 56].
In order to faithfully track the stochastic evolution of the qubit
state, one must take into account the effect of the random
phase Φ(t). In contrast to the usual reasoning of informa-
tion loss, this random fluctuation of the qubit energy levels is
purity preserving in the single realizations of continuousmea-
surement, but does not cause decoherence.
In short, we may remind the readers that when the gain of
information on the qubit state is maximized (by optimizing the
local oscillator’s phase), the backaction associated with Γba
[and thus the phase factor Φ(t)] vanishes completely. Con-
versely, if a different phase of the local oscillator is used and
both Γci and Γba are nonzero, the output current contains in-
formation on both kinds of backaction.
V. CAVITY RESET
As briefly discussed in Sec. III A, the factor D(t) implies
that the partially collapsed qubit state is not quantummechan-
ically pure. Actually, from Eq. (11), we know that the qubit
is entangled with the cavity states |αe(t)〉 and |αg(t)〉. This
is a typical feature for some mesoscopic detectors, where part
degrees of freedom of the detector remain in the state descrip-
tion. A well-known example is the single-electron transistor
used as a charge-state detector [57, 58], where the degrees of
freedom of the central dot or island cannot be eliminated in
general.
However, in the present cQED setup, the cavity field is well
structured. After a partial-collapse measurement over (0, t),
let us consider to perform a fast (shorter than κ−1) inverse
displacement at the moment t to the cavity field, based on the
same coupling Hamiltonian of Eq. (2) but inverting the phase
of the modulation, i.e., the action of Ucav(t + δt, t)|δt→0 =
e−iG˜zδt[σz(a+a
†)] on the cavity state. Here we denote the cou-
pling amplitude by G˜z (rather than g˜z), implying a strongly
pulsed drive. We may re-denote the result of Eq. (7) as
αe,g(t) = ∓ia. Now, if we make G˜zδt = −a (noting the
particular sign opposite to the measurement drive g˜z), we ac-
tually disentangle the qubit from the qubit-plus-cavity entan-
gled state, as follows:
Ψ(t) = c1(t)|e〉|αe(t)〉+ c2(t)eiΦ(t)|g〉|αg(t)〉
→ Ψ(t+ 0+) = [c1(t)|e〉+ c2(t)eiΦ(t)|g〉]|0〉 , (22)
where |0〉 denotes the cavity vacuum. Note that this is es-
sentially the same procedure of cavity reset discussed in Ref.
[31], but a generalization from the projectively collapsed state
|α¯e〉 or |α¯g〉 to the partially collapsed state of a superposi-
tion of |αe(t)〉 and |αg(t)〉. Therefore, after this qubit-state-
dependent displacement, we completely restore the desired
qubit state, which is quantum mechanically pure, with now
no degradation of purity owing to disentangling with the cav-
ity states.
Unfortunately, if we introduce further qubit transition (e.g.,
unitary operation), the situation becomes rather complicated.
In the context of dispersive readout, this issue has been dis-
cussed in connection with the quantum trajectory equation by
Gambetta et al. [56] and with the quantum Bayessian ap-
proach by Korotkov [53]. Only in the so-called bad-cavity
limit, will the cavity states associated with |e〉 and |g〉 rapidly
relax to |α¯e〉 and |α¯g〉. This makes the transient dynamics
of the cavity field have negligible effect. As a result, each
new step evolution affected by the measurement is updated by
using the Bayesian inference, based on measurement rates de-
termined by the stationary states of the cavity field. Beyond
the bad-cavity limit, this will be an open problem for further
investigations. For the longitudinal readout scheme, the dif-
ficulty may be partly solved by a fast reset procedure (before
the qubit rotation) as described by Eq. (22).
VI. SUMMARY AND DISCUSSIONS
In parallel to what have been done for the dispersive read-
out, we carried out a study on the gradual partial-collapse
weak measurement theory for a recently proposed genuinely
QND readout scheme by virtual of longitudinal coupling in
circuit QED. Keeping in mind that this scheme has the ad-
vantage of being free from the Purcell-effect-induced flip of
qubit state, our results are expected to have sound application
potential for such as feedback control and other quantum tech-
nologies associated with partial-collapse weak measurements.
The theory was constructed in terms of both the quantum-
trajectory equation and quantum Bayesian approaches. In
particular, we construct the joint qubit-plus-cavity entangled
state under continuous measurement. Combining this joint
state with the quantum Bayesian rule can result in a general-
ized scheme for cavity reset, which can improve the multiple
partial-collapse measurements in the presence of qubit rota-
tions. Based on the time-dependent measurement rates, we
carried out comprehensive studies on the key figures of merit
including transient quantum efficiency, qubit state purity, and
signal-to-noise ratio of the measurement.
The figures of merit of these quantities indicate that the
longitudinal readout is somehow superior to the dispersive
7scheme, e.g., as shown in Fig. 1, having better quantum effi-
ciency and signal-to-noise ratio for short time partial-collapse
measurement. However, the really significant point is that, the
longitudinal scheme is a genuine QND measurement, allow-
ing strong drive (with large g˜z) but suffering no flip of the
qubit state when the cavity field exceeds some critical photon
numbers ncrit. So one can safely increase the modulation am-
plitude g˜z to improve the SNR. In sharp contrast, in the disper-
sive readout, increasing either the drive amplitude ǫm or the
decay rate of the cavity photons will induce the non-QNDness
caused by Purcell effect, with a flip rate of the qubit state given
by γp = (ǫm/∆)
2κ. In practice, this Purcell-effect-induced
flip of qubit state should be avoided in quantummeasurement.
The longitudinal readout scheme has great advantage in this
essential aspect. However, the dispersive coupling is reduced
from the most natural Jaynes-Cummings coupling Hamilto-
nian, being thus more straightforwardly implemented. This is
the reason that so far the dispersive coupling readout scheme
is typically used in practice.
The other advantage of the longitudinal coupling is that
it allows us to design a more efficient method to reset the
cavity field to vacuum. This can extend the applicability of
the effective QTE and Bayesian approach beyond the bad-
cavity limit. Actually, the reset scheme is rooted in the insight
gained from the constructed qubit-cavity joint state during the
partial-collapse measurement. This entangled joint state may
shine also light on developing quantum trajectory theory un-
der generic parameter conditions in the presence of qubit rota-
tions, which remains so far an open question within the frame-
work of effective QTE after eliminating the cavity degrees of
freedom.
Finally, we mention that, in Ref. [31] and in a few recent
publications [39–41], squeezing of microwave-frequency
fields has been discussed for qubit measurement of circuit
quantum electrodynamics. The ability to couple squeezed
fields to superconducting qubits can enable faster measure-
ment and allow encoding of more information per photon,
thus resulting in Heisenberg-limit-scaling behavior. In a very
recent experiment [41], based on stroboscopic longitudinal
coupling and squeezing field injected, enhanced signal-
to-noise ratio for qubit measurement has been observed.
Extension of qubit readout using squeezed field from the
projective measurement to partial-collapse weak measure-
ment is of great interest and will be a subject for further
investigations.
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appendix: Derivation of Eq. (8)
Closely following the notation used in Ref. [56], let us in-
troduce the two quadratures of the cavity field
Iϕ =
1
2
(
ae−iϕ + a†eiϕ
)
, (23a)
Qϕ = − i
2
(
ae−iϕ − a†eiϕ) . (23b)
Then, we rewrite Eq. (4) as
˙̺ = −i[Hz, ̺] + κD[a]̺+ γ1D[σ−]̺+ γ2
2
D[σz ]̺
+
√
κM[2Iϕ]̺ξ + i
√
κ[Qϕ, ̺]ξ . (24)
The newly introduced superoperator reads M[x]̺ =
{x, ̺}/2−〈x〉̺, where the quantum average follows the usual
meaning 〈x〉 = Tr(x̺). To be a little more general (not con-
sidered in this work), we also included that the external envi-
ronment caused (not caused by the measurement itself) relax-
ation and dephasing with respective rates γ1 and γ2.
Below, starting with Eq. (24), we apply the so-called po-
laron transformation to eliminate the cavity degrees of free-
dom to obtain Eq. (8), i.e., the effective QTE with only the
qubit degrees of freedom. For the sake of clarity, we treat first
the deterministic terms, then the stochastic ones.
1. The deterministic part
The polaron transformation is constructed as Eq. (5), with
the respective displacement of the cavity fields given by
Eq. (7). Performing the transformation ̺P = P †̺P (and sim-
ilarly for other operators), after simple algebra, we obtain
˙̺P = P † ˙̺P + P˙ †̺P + P †̺P˙
= −i[HPz , ̺P ] + κD[aP ]̺P + γ1D[σP− ]̺P +
γ2
2
D[σPz ]̺P
+ [P˙ †P, ̺P ] . (25)
In this equation the displaced operators read
aP = a+Πα = a+ (β/2)σz , (26a)
σPz = σz , (26b)
σP− = σ−D[β] . (26c)
We may note thatD[β] is the displacement operator defined in
the main text. In rewriting the first equation, we noticed that
Πα = αeΠe + αgΠg and β = αe − αg . Substituting them
into Eq. (25), we obtain
˙̺P = κD[a]̺P +
(
κβ
2
[σz , ̺
P ]a† +H.c.
)
+γ1D[σ−D(β)]̺P + 1
2
(γ2 + κ|β|2/2)D[σz ]̺P .
(27)
Note that the reduced state of the qubit should be ob-
tained from ρ(t) = TrR[̺(t)] = TrR[P̺
P (t)P †].
8Expanding the transformed state in the qubit and
the photon-number (Fock state) basis, ̺P (t) =∑∞
n,m=0
∑
i,j=e,g ̺
P
n,m;i,j(t)|n, i〉〈m, j|, we obtain
ρ = TrR[P̺
PP †]
=
∑
n
[̺Pn,n;e,e|e〉〈e|+ ̺Pn,n;g,g|g〉〈g|]
+
∑
n,m
[λn,m;m,n|e〉〈g|+ λ∗m,n;n,m|g〉〈e|] , (28)
where λn,m;p,q ≡ ̺Pn,m;e,gdp,q exp(−iIm[αgα∗e ]), with
dp,q = 〈p|D(β)|q〉 being the matrix element of the displace-
ment operator in the photon-number basis. Based on Eq. (27),
the following set of equations for the matrix elements in the
above expansion can be derived:
˙̺Pn,m;e,e = −[γ1 +
κ
2
(n+m)]̺Pn,m;e,e
+κ
√
(n+ 1)(m+ 1)̺Pn+1,m+1;e,e , (29a)
˙̺Pn,m;g,g = −
κ
2
(n+m)̺Pn,m;g,g
+γ1
∑
p,q
̺Pp,q;e,edn,pd
∗
m,q
+κ
√
(n+ 1)(m+ 1)̺Pn+1,m+1;g,g , (29b)
λ˙n,m;p,q = −[γ1
2
+ γ2 + 2Γd +
κ
2
(n+m)]λn,m;p,q
+κβ
√
m+ 1λn,m+1;p,q − κβ∗
√
n+ 1λn+1,m;p,q
+κ
√
(n+ 1)(m+ 1)λn+1,m+1;p,q + β˙
√
pλn,m;p−1,q
−β˙√qλn,m;p,q−1 . (29c)
In the last eqation, the decoherence rate reads Γd =
g˜z
2 |β|.
Then, we obtain the equations for the reduced density ma-
trix elements of the qubit state as follows:
ρ˙ee =
∑
n
˙̺Pn,n;e,e = −γ1ρPee , (30a)
ρ˙gg =
∑
n
˙̺Pn,n;g,g = γ1ρ
P
ee , (30b)
ρ˙eg = λ˙0,0;0,0 =
(
−γ1
2
− γ2 − 2Γd
)
ρeg . (30c)
In achieving these results, we employed the fact that the dis-
placed state ̺P has a cavity vacuum so only the zero-photon
component survives. However, coupling dynamics can result
in the first excited state of the cavity, as indicated in the right-
hand side of Eq. (A7). In a basis-free form, we re-express the
results as
ρ˙ = γ1D[σ−]ρ+ (γ2/2 + Γd)D[σz ]ρ . (31)
2. Including the stochastic part
To make the derivation simpler, we consider the following
linear QTE for the unnormalized state ¯̺:
˙̺¯ = L ¯̺+√κM¯[2Iϕ] ¯̺ξ + i
√
κ[Qϕ, ¯̺]ξ . (32)
Here we denote the deterministic part as L ¯̺, while the lin-
ear unraveling superoperator simply reads M¯[x] ¯̺ = 12{x, ¯̺}.
Following precisely the same treatment for the deterministic
part, we obtain
˙̺¯P = L ¯̺P +√κ|β| cos(θβ − ϕ)M¯[σz ] ¯̺P ξ
+
√
κ(ae−iϕ ¯̺P + ¯̺P a†eiϕ)ξ
+
i
2
√
κ|β| sin(θβ − ϕ)[σz , ¯̺P ]ξ . (33)
For the matrix elements introduced in Eq. (28), we have
˙̺¯P
n,m;e,e = (29a)
+
√
κ|β| cos(θβ − ϕ)¯̺Pn,m;e,eξ
+
√
κ
√
n+ 1e−iϕ ¯̺Pn+1,m;e,eξ
+
√
κ
√
m+ 1eiϕ ¯̺Pn,m+1;e,eξ ,
(34a)
˙̺¯P
n,m;g,g = r.h.s. of Eq. (29b)
−√κ|β| cos(θβ − ϕ)¯̺Pn,m;g,gξ
+
√
κ
√
n+ 1e−iϕ ¯̺Pn+1,m;g,gξ
+
√
κ
√
m+ 1eiϕ ¯̺Pn,m+1;g,gξ ,
(34b)
˙¯λn,m;p,q = r.h.s. of Eq. (29c)
+
√
κ
√
n+ 1e−iϕdp,q ¯̺
P
n+1,m;e,eξ
+
√
κ
√
m+ 1eiϕdp,q ¯̺
P
n,m+1;e,eξ
+ i
√
κ|β| sin(θβ − φ)λ¯n,m;p,qξ . (34c)
Under the same spirit of obtaining Eqs. (A8a)-(A8c), we ob-
tain the following equations for the reduced density matrix
elements of the qubit state:
˙¯ρee = ˙̺¯
P
0,0;e,e = r.h.s. of Eq. (A8a)
+
√
κ|β| cos(θβ − ϕ)ρ¯eeξ ,
(35a)
˙¯ρgg = ˙̺¯
P
0,0;g,g = r.h.s. of Eq. (A8b)
−√κ|β| cos(θβ − ϕ)ρ¯ggξ ,
(35b)
˙¯ρeg =
˙¯λ0,0;0,0 = r.h.s. of Eq. (A8c)
+i
√
κ|β| sin(θβ − ϕ)ρ¯egξ .
(35c)
Converting these results into a basis-free form yields the fol-
lowing linear QTE
˙¯ρ = Lρ¯− 2
√
Γci(t)M¯[σz ]ρ¯ξ − i
√
Γba(t)[σz , ρ¯]ξ .
(36)
9The expressions of the measurement rates Γci(t) and Γba(t)
are referred to Eq. (9).
Finally, we normalize the state via ρ = ρ¯/tr(ρ¯) and obtain
its equation of motion, i.e., the effective QTE after eliminating
the cavity photon degrees of freedom, as
ρ˙ = Lρ− 2
√
Γci(t)M[σz ]ρξ(t)− i
√
Γba(t)[σz , ρ]ξ(t) .
(37)
This is the Eq. (8) we employed in the main text.
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